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PROBLEM: X(t) Ideal x[n] Ideal y(®)
—> C-to-D > D-to-C —>
Converter Converter
TTS = 1/ fs’ TTS = 1/ fso

(a) Suppose that the discrete-time signal x[n] is given by the formula
X[n] = 10c0s(0.257n — 7 /4)

If the sampling rate of the C-to-D converter is fg = 2000 samples/second, many different continuous-
time signals x(t) = Xx,(t) could have been inputs to the above system. Determine two such inputs
with frequency less than 2000 Hz; i.e., find x;(t) and x»(t) such that x[n] = x1(NTg) = Xo(nTy) if
Tg = 1/2000 secs.

(b) Now if the input x(t) is given by the two-sided spectrum representation shown below,
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—160 —40 0 40 160 f (in Hz)

Determine the spectrum for x[n] when fg = 120 samples/sec. Make a for your answer, but
label the frequency, amplitude and phase of each spectral component.

(c) Using the discrete-time spectrum from part (b), determine the analog frequency components in the
output y(t) when the sampling rate of the D-to-C converter is fg, = 120 Hz.

(d) Using the discrete-time spectrum from part (b), determine the analog frequency components in the
output y(t) when the sampling rate of the D-to-C converter is fg, = 200 Hz. In other words, the
sampling rates of the two converters are different.
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x(1) Ideal x[n Ideal (1)
— C-to-D L] > D-to-C —-—y
Converter Converter
TTv - ]ffsi TTv - ]ffsn

(a) Suppose that the discrete-time signal x[n] is given by the formula
x[n] = 10cos(0.25wn — w/4)

If the sampling rate of the C-to-D converter is f; = 2000 samples/second, many different continuous-
time signals x(¢) = x;(¢) could have been inputs to the above system. Determine two such inputs
with frequency less than 2000 Hz; i.e., find x,(¢) and x;(¢) such that x[n] = x1(nTy) = x2(nTy) if
T = 1/2000.

We can determine x; (¢) using direct substitution as follows:

x[n] = x(nly)
10cos(0.25a7n —/4) = AcosQufinTy+ ¢1)

Using T; = 1/2000, we can solve for 4 = 10, fi = 250 Hz, and ¢; = —n/4 to give
x1(t) = 10cos (2w - 250t — 7/4)

To determine another input, x,, that would give the same sampled result, we must find an aliased input
which adheres to the following equation

x2(t) = 10cos (2 - (250 + £f)t — m/4)

where £ is an integer. For f;; = 2000 samples/second, the only value of ¢ that gives a resulting fre-
quency f> < 2000 Hzis £ = —1, which gives the following input waveform

x2(t) = 10cos(2m- (2504 (—1) -2000)t — 7 /4)
= 10cos(—2m- 1750t — /4)
10cos(2m - 1750t + 7t /4)

where the final step is a result of the fact that cos(6) = cos(—#) (i.e. cosine is an even function). Note
that input x; (¢) results in folding, which causes the phase of the resulting signal to invert (from 7/4 in
the input to —r/4 in the sampled signal).

(b) Now if'the input x(¢) is given by the two-sided spectrum representation shown below,

| 30 /37/2 3= J37/2 |
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Determine the spectrum for x[n] when f;; = 120 samples/sec. Make a for your answer, but label
the frequency, amplitude and phase of each spectral component.
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From the spectrum

x(t) = 6cos(2mw-40f—37/2) +4cos(2m - 160t + 7/2)
= 6c¢cos(2m-40t+ m/2) +4cos(2m - 160t + 7/2)

By replacing ¢ with nTi; = n/120, we derive
2 8
x[n] = 6cos (;n + n/z) +4cos (?ﬂ.n + 71/2)
From this equation, the normalized frequencies of the two terms are @ = 27/3 radians/sample and
@y = 8m/3 radians/sample. @; < 7, and thus it does not alias. However, @, >= m, and thus it does
alias. By subtracting 27 from @,, we find that it aliases to a nomalized frequency of 27r/3 radians/sample.

In other words, the two analog frequencies give the same sampled frequency, resulting in them effec-
tively summing, as shown in the following equations:

2 8
x[n] = 6cos (%n—l—nﬁ)—l—élcos(;n—l-nﬂ)
2
= 6C-OS(2?7IFI+H’/2>—|—4COS(2?}TH+JT/2) = 10c05(%n+n/2)

The resulting spectrum plot is

50— J7/2 50J7/2

—2m/3 0 2m/3 @ (in radians/sample)

(c) Using the discrete-time spectrum from part (b), determine the analog frequency components in the
output y(t) when the sampling rate of the D-to-C converter is f;, = 120 Hz.

fm_ - 120 = 40Hz
x(f) = 10 cos(807t 4 7/2)

(d) Using the discrete-time spectrum from part (b), determine the analog frequency components in the out-
put y(¢) when the sampling rate of the D-to-C converter is fs, = 200 Hz. In other words, the sampling
rates of the two converters are different.

1

< fro == - 200 ~ 66.67Hz

Fle

3
x(t) = 10cos (—r + XZ)
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