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PROBLEM:
The system function of a linear time-invariant filter is given by the formula

Hz=0-zYhY1-e 2z -e ™27 1 -05e"3z Y1 - 0.5e 17327

(a) Write the difference equation that gives the relation between the input x[n] and the output y[n]. Make
sure that all the filter coefficients {by} in your difference equation are purely real.

(b) What is the output if the input is Xx[n] = §[n]?
(c) Use multiplication of z-transform polynomials to find the output when the input is

X[n] = 8[n — 2] + 26[n — 4] — 8§[n — 5].

(d) Plot the poles and zeros of H (z) in the z-plane.

(e) From H (2), obtain an expression for the frequency response H (e/®) of this system.

(f) If the input is of the form x[n] = AelPel d’”, for what values of frequency @ will the output signal
be zero for all n (i.e., y[n] = 0) ? Find all possible frequencies in the range —7 < @ < m. Hint: Take
alook at the locations of the zeros of H (z) as plotted in part (d).
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The system function of a linear time-invariant filter is given by the formula
H(iZ) = (1—z (1l —e™ (1 —e 22711 =056y (1 —0.5¢ 73771
(a) Write the difference equation that gives the relation between the input x|n] and the output y[n]. Make sure that

all the filter coefficients {b;} in your difference equation are purely real.
A few simplifications:

(1 _ejrr,flz—l)(l —;1{2 ) - 1= (ejrrﬂ + e—j,ﬂ'/?) Z_l _'_ejn/?e—jrtﬂz—? —1 _'_2—2

(1-05e3;71y(1—05¢ ™3,y =1-05 (ef”f3 + e—m-‘) 7 (05237 — 1 05771 4025772
Therefore,

-z DY +z2H00-05z"+025:2)

= (I—z'"4+z2—zHu-05:"4025:%

= 1-15'4175:72-1.7573+ 07574~ 02577

H(z)

The difference equation is

yvlnl = x[n] — 1.5x[n — 1]+ 1.75x[n — 2] — 1.75x[n — 3]+ 0.75x[n — 4] — 0.25x[n — 5]

(b) What is the output if the input is x[n] = 8[n]?
The output is the impulse response:

hln] = d[n] — 1.58[n — 11+ 1.758[n — 2] — 1.758[n — 3] +0.758[n — 4] — 0.258[n — 5|

(c

—

Use multiplication of z-transform polynomials to find the output when the input is
xln] =8|ln — 2]+ 28|n — 4] — 8|n — 5].
First of all, we need to get X(z), the z-transform of x[n]:
X(z) =z 242747
Then we do the polynomial multiplication of H(z) and X(z):
X@H@ = (@7 +22 %7 )0 - 15" +1.75277 = .75 +0.752 1 - 0.257 )
z 2= 1.5z 343752 * =575 2 +5.752 © = 5.5z 7 +3.252 ® — 1.25z 7 +0.25: 10

We can also do “synthetic multiplication” to form the following table of terms. We know from the exponents
of z that the minimum delayed response is at n = 2, and the maximum delayed response is at n = 10.

Input n=0|n=1|n=2|n=3|n=4|n=5|n=6|n=7|n=8| n=9 | n=10
8ln — 2] 0 0 1 —1.5 ] 175 | —1.75 | 0.75 | —0.25 0 0 0
28[n — 4| 0 0 0 0 -3 35 —3.5 1.5 —0.5 0
—8ln—35] 0 0 0 0 0 -1 1.5 | =175 | 1.75 | =075 | 0.25

Sum 0 0 1 —1.5| 375 | =575 | 575 | =55 | 325 | —1.25| 025

yvlnl =38ln =2 —1.58|n — 3|+ 3.758[n — 4] — 5.758|n — 5] 4+ 5.758|n — 6]
—5.58[n — 7]+ 3.258|n — 8] — 1.2558[n — 9] + 0.258[n — 10]
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(d) Plot the poles and zeros of H(z) in the z-plane.

Magnitude = 1

(e) From H(z), obtain an expression for the frequency response H(efé’) of this system.
We just replace z with ¢/, we get:

H(e!”) =1—1.5¢ /% + 1.75¢ 2% — 1 75¢ B 40.75¢ % — 0.25¢ 1>

but it is not possible to do much simplification because the impulse response is not symmetric. Here is one way
to simplify:

H(e®) = (1—e /)1 +e 22)(1 —0.5¢7/% +0.25¢72%)
= (1—e /@4 e 2 — e B) (] —0.5¢79 +0.25¢/2%)
= ﬂ(l — 0.5 7% +0 25(J—j2<?;)
| — (—e=J®) " e
= /10l (M) (1 —0.5¢77 40.25¢ /2%
cos(/2)

(f) If the input is of the form x[n] = Aejqbefw”, for what values of frequency @ will the output signal be zero for
all n (i.e., y[n] = 0) ? Find all possible frequencies in the range — < & < . Hint: Take a look at the locations
of the zeros of H(z) as plotted in part (d).
We can use the factored form of H(z), or the zeros of H(z), to find the zeros that are on the unit circle. These
are 7 =1, z=e/™? and z = ¢ /™2, These three zeros all have a magnitude equal to 1. Using the relationship
between the z and & domains, z = ¢/, we see that the three frequencies are @ =0, @ = /2 and & = —7/2.
The output for three different sinusoids will be zero. For example, when the frequency is @ = 7/2

x[n] = elm/2in yln] = H((,]m’? )ej(ﬂﬂm =0
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